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SUMMARY 


Existing conical-flow solutions have been used to calculate the 
hinge-moment and effectiveness parameters of trailing-edge controls 
having leading and trailing edges swept ahead of the Mach lines and 
having streamwise root and tip chords. Equations and detailed charts 
are presented for the rapid estimation of these parameters. Also 
included is an approximate method by which these parameters may be 
corrected for airfoil-section thickness. 

Deflected, controls are assumed to be located either at the wing 
tip or far enough inboard to prevent the outermost Mach lines from the 
contrpls from crossing the wing tip.. For either of these locations, . 
the innermost Mach lines are assumed not to cross the wing root chord. 

The method for determining control hinge moment resulting from wing 
angle- of-attack loading is valid for wing plan forms having the leading - 
edges swept ahead of the Mach lines and having streamwise tips. The 
only additional restriptions are that the controls must not be influenced 
by the tip conical flow from the opposite wing panel or by the inter- 
action of the wing- root Mach cone with the wing tip. 


INTRODUCTION 


Linearized theory, though neglecting viscosity and second-order 
effects existing in practice, is the most practical method now available 
for estimating the characteristics of .control surfaces at supersonic 
speeds. A general application of this theory to* control surfaces having 
edges swept either ahead of or behind the Mach lines is presented in 
reference 1. (Edges swept ahead of or behind the Mach lines are 
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subsequently referred to as supersonic or subsonic edges.) Conical- flow 
solutions for various deflected control configurations are presented in 
reference 2. Such solutions were used in reference 3 to evaluate the 
characteristics of a restricted family of trailing-edge control surfaces. 

In the present paper a general analysis based on existing conical- 
flow solutions has been made which will apply to a broad range of 
trailing-edge control configurations having supersonic edges and will 
provide for a comprehensive coverage of control location, aspect ratio, 
taper ratio, and sweep. Equations and detailed charts are presented 
from which lift, pitching-moment, rolling-moment, and hinge-moment coef- 
ficients due to control deflection, and hinge-moment coefficient due to 
wing angle of attack, as predicted by linearized theory, may be deter- 
mined in an estimated 5 percent of the time required without the use of 
such equations and charts. Also included is an approximate method by 
which these hinge-moment and effectiveness parameters may be corrected 
for airfoil-section thickness. 

The equations and charts presented are applicable to control- surface 
plan forms that vary throughout the range in which the leading and trailing 
edges are supersonic and the root and tip chords are in a streamwise 
direction. Deflected controls are assumed to be located either at the 
wing tip or far enough inboard to prevent the outermost Mach lines from 
the controls from crossing the wing tip. For either of these locations, 
the innermost Mach lines are assumed not to cross the wing root chord. 

The method for calculating the hinge-moment coefficient due to wing 
angle of attack is valid for wing plan forms having straight supersonic 
edges and streamwise tips. This method is restricted only in that the 
controls must not lie in a region influenced by the tip conical flow 
from the opposite wing panel or by the interaction of the wing-root Mach 
cone with the wing tip. 


SYMBOLS 



. C-l , C; 


A 


%L 


free- stream Mach number 


functions of Mach number used in calculating two- 
dimen s i onal- f 1 o v chara cteri sties 

angle of sweep of wing leading edge, positive when 
swept back 

angle of sweep of control hinge line, positive when 
swept back 
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Ate 


C fr 

C *t 

X f 

Sf 

Af 

Af * = pA f 


M n 



*o 

x 


y 

9 

t/2c 

(‘ t / c )max 


angle of sweep of wing trailing edge, positive when 
swept back 

span of control. surface 
root chord of control surface 


tip chord of control surface 
control- surface taper ratio 

area of control surface 
aspect ratio of control surface 


area moment of control surface about hinge axis 

area of a loaded region 

area of part of deflected control surface lying in two- 
dimensional- flow region less area lying in region of 
overlap of conical-flow fields 

moment of about hinge axis 

moment of about control root chord 

distance of center of loading from control hinge axis 
measured normal to hinge axis • 

spanwise distance of center of loading from control 
root chord 

slope of airfoil-section contour 

one-half airfoil- thickness ratio measured in plane 
normal to control hinge axis 

maximum airfoil-thickness ratio measured in plane 
normal to control hinge axis 

chordwise position measured in plane normal to control 
hinge axis • 


x/ c 
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*h/ c 


chordvise location of control hinge axis measured in 
plane normal to control hinge axis 


(t/2c)’, (x/c)' dimensions measured in plane normal to wing leading 

edge 


Xf 

yf 


c 
S 

g = 

a = 

d = 


tan A 

~T~ 

tan Ahl 

3 

tan AfjTg 

3 


distance of leading edge of control root chord behind 
wing axis of pitch 

-distance of root chord of control from root chord of 
wing 

wing span 
wing root chord 
wing. tip chord 

mean aerodynamic chord of wing 
area of- semi span wing 


a 

6 


wing angle of attack, degrees 

angle of control- surface deflection measured in stream- 
wise direction, degrees 

free- stream dynamic pressure 


n , _ Lift induced by deflected control 

c l " 55? 


«• 


2 , _ Moment about control root chord induced by deflected control 
1 qbfS f 


P i _ Moment about hinge axis induced by deflected control 
u m — 


2qMa 
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_ _ Hinge moment 

h " SqMa 


n _ Lift induced by deflected control 
L " qS 


n _ Rolling moment about wing root chord 
* = 2&B 


q _ Pitching moment about ving axis of pitch 
m qSc 


*3 

Ap 


thickness correction factor for C T ' and C, * 

o h 

thickness correction factor for C>, and C_ * 

“8 m 8 

thickness correction factor for C, 

h a 

difference between local pressure and stream static 
pressure 

pressure coefficient (Ap/q) 

two-dimensional pressure coefficient ( ) 

\57.3P/l - a2 / 


or 


fcfr?) 


local pressure ratio 


( C P /C Po) 


p 


average value of pressure ratio P' over conical- flow 

re gi° a ^-__y 

angle denoting arbitrary position of ray in conical-flow 
field 


+ ^TE 


t = 0 tan t 
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t* = p tan r* 

r-i 

t 

n, r* nondimensional coordinates used in integration of wing 

root and tip conical pressures 

T} angle of sweep of line intersecting conical- flow regions 

of wing at angle of attack 

/ 

denote partial derivative of force and moment coeffi- 
cients with respect to S or , a 

cp denotes center- of-pressure ray location 

Superscript: 

* indicates that parameters P, PS^, PS^x, PS^y, t ’ , 

and r„_ refer to loss of loading from two-dimensional 
value rather than to actual loading 

ANALYSIS 

Characteristics Due to Deflection of Control Surfaces 


Subscripts: 
5, a 


Scope .- Existing solutions of the linearized equations of fluid 
motion have been used as a basis for calculating the characteristics due 
to deflection of trailing-edge control surfaces on wings in steady flight 
at supersonic speeds. These solutions, as presented in reference 2, are 
applicable to configurations for which the leading and trailing edges of 
the control are supersonic and the root and tip chords are streamwise. 

Two control- surface locations are considered. The control is assumed to 
be located either at the wing tip or far enough inboard to prevent the 
outermost Mach line from the control from crossing the wing tip. For 
either of these locations, the innermost Mach lines are assumed not to 
cross the wing root chord. For these locations, deflected control-surface 
characteristics are functions only of Mach number and control- surface plan 
form. (The parameter C^g depends on control- surface location only when 

the control is located inboard from the wing tip and lies in the region' 
influenced by the interaction of the control-tip Mach cone with the wing 
tip. ) If the limitations previously mentioned are considered, the analysis 
is valid for all controls except those located at the wing tip and having 
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the inboard conical-flow regions intersecting the tip. In such cases, 
the conical pressures on the control, as given in reference 2, are not 
applicable in the region influenced by the interaction of the Mach cone 
with the wing tip. Necessary corrections for this region can be deter- 
mined by the method described in reference 4. Such corrections are not 
considered in the present paper because of the prohibitive amount of 
computation involved.- Results not including these corrections are pre- 
sented, however, because they should be very useful as an indication of 
trends and should in many cases closely approximate the corrected result. 

Method , - In order to determine control- surface characteristics, the 
two-dimensional region and the triangular segments of the conical-flow 
regions (fig', l) are considered independently. The characteristics are 
obtained by summing the products of pressure ratio and nondimens ional- 
area and moment-arm parameters for all parts (table I). The nature of 
conical flow is such that the pressure is constant along any ray from 
the origin of the flow field. Any infinitesimal triangle having the 
origin of the flow field as an apex, therefore, has its center of pressure 
located at two- thirds of the distance from the apex to the base.' It 
follows that the summation of the loading of such infinitesimal trianglep 
results in a finite triangle having its center of pressure lying on a 
line parallel to the base and located at two-thirds of the distance from 
the apex to the base. The center-of-pressure location and, consequently, 
the desired moment arms, can therefore be determined from the location 
of the ray on which the center of pressure lies. General equations for 
the average pressure ratio and center-of-pressure ray location for each 
conical segment (tables 11(a) and 11(b)) were obtained by integrating 
the pressure equations of reference 2. (See appendix A. ) Table 11(c) 
presents ecuations for the nondimens ional- area and moment-arm parameters 
(in terms of center-of-pressure ray location) for each conical segment. 
Equations pertaining to the two-dimensional region were obtained by 
treating this region as a simple geometric area and are also included 
in table 11(c). Results obtained by evaluating the general equations 
of table II when they become indeterminate at taper ratios of 1.0 are 
presented in table III. 

For regions in which the two conical-flow fields overlap, the method 
of superposition must be used wherein the losses in pressure ratio from 
the two-dimensional value (P* = 1.0) in the two conical- flow regions are 
additive; that is, 

P« = 1.0 - (l.O - p mci ’)- (l.o - p mC2 «) 

= -1.0. + P mc ^ f + ^nu^* 


8 


NACA TN 2221 


(Subscripts mc]_ and mc 2 refer to inboard and outboard coni cal- flow 

regions.) The net effects of the pressure distribution in this region 
are obtained by adding the effects of the two conical- flow regions as 
though the flow regions did not overlap and subtracting the effects of 
a two-dimensional pressure distribution. This subtraction is accomplished 
by use of the equations for the two-dimensional region (tables 11(c) and 
111(b)). In calculating control hinge moments it was convenient to 
calculate the effects of regions I c and II C or III (fig. l) and 

then subtract the effects of the parts of these regions lying off the 
control. For controls located at the wing tip and having the inboard 
Mach cone intersecting the tip, a similar procedure was also used to 
reduce to zero the lift, pitching moment, and rolling moment contributed 
by the triangular part of the inboard conical- flow region lying beyond 
the tip. As previously mentioned for this case, a rigid application of 
linearized theory would require a correction, as described in reference b, 
to the loading assumed in the region influenced by the interaction of the 
root Mach cone with the free edge. It should be pointed out that the 
areas influenced by such interactions become appreciable for extreme 
conditions and approximate results for such configurations should be 
used with caution. 


Hinge Moment Due to Wing Angle-of-Attack Change 

Scope .- Conical- flow solutions for swept wings at supersonic speeds, 
as presented in reference are used as a basis for the analysis. These 
solutions are applicable to wing plan forms having straight supersonic 
edges and streamwise tips. 

As in the analysis for deflected control surfaces, only control 
surfaces having supersonic edges and streamwise root and tip chords are 
considered. The only restrictions regarding control location are that 
the control must hot lie in a region influenced by the tip conical flow 
from the opposite wing panel or by the interaction of the wing -root Mach 
cone with the wing tip. 

Method . - The method consists essentially of determining the hinge - 
moment parameter PS^x for the flap by assuming two-dimensional loading 

and then subtracting the losses resulting from the wing-root and wing- 
tip conical flows. The conical- flow losses are obtained by dividing the 
conical regions into a series of triangular segments, each having its 
apex at the origin of the Mach cone, and summing the hinge-moment param- 
eters (p&lx)* for these segments as illustrated in figure 2. In deter- 
mining (pSjoj) * for the triangular segments, integrations of the loading 

are necessary for obtaining P* and "x. As has been previously explained 
for this type of conical-flow segment, it is sufficient to' determine P* 
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and t C p because the moment arm x can be determined from t C p. The 
method for obtaining P* and t C p is illustrated in figure 3 and 

involves integrating the pressure losses along the bases of the segments. 
From integrations of the pressure losses between 0 and . n^ (or 0 and 

r^’), values of P* and n C p (or r C p') are obtained. Values of P* 
and values of t cp , corresponding to n C p (or r C p ' ) , obtained in this 
manner are applicable to the triangular segment bounded by the Mach line, 
the ray t = t^, and the section intersecting the Mach cone. Results 

have been obtained by numerical integration using Simpson's rule (refer- 
ence 6) except in regions where the slopes of the pressure curves become 
infinite (fig. 3)* In these regions, integrating coefficients, as pre- 
sented in reference r J ) have been used. Forms by which the integrations 
were made are presented in tables I V to VII. The upper part of these 
forms are used for computing the pressure distributions (l - P*) along 
the sections intersecting the Mach cones (fig. 3). In the lower part 
of the form, the areas and area moments about n (or r’) = 0 of the 
curves of (l - P'| plotted against n (or r*) are determined and are 
used to obtain P and t C p for the corresponding triangular segments. 

Tables IV to VII can be used directly for calculating the loading dis- 
tribution for intermediate cases or cases not included in the present 
paper. 


Method for Approximately Correcting Results Obtained 
from Use of Linearized Theory for Airfoil-Section Thickness 

Scope .- The method for approximately correcting the theoretical 
results for airfoil-section thickness is based on the assunqption that, 
at any chordwise position on an airfoil having finite thickness, the ratio 
of conical to two-dimensional pressure is the same as that predicted by 
linearized theory for an infinitely thin flat plate. . (This method is a 
variation of the method presented in reference 8.) The method' can be 
logically applied only to configurations having similar sections at all 
spanwise positions affected. The method is expected to give most accurate 
results at moderate and high Mach numbers for thin controls located 
inboard from the wing tip and having relatively large areas over which 
the flow is two-dimensional. 

Method . - On the basis of the preceding assumption, the method requires 
the determination of the following three factors: 
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C^' (Two- dimensional with thickness) 
Cl ■ (Two-dimensional flat plate) 

Cj ’ (Two-dimensional with thickness) 
* (Two- dimensional flat plate) 


C m ' (Two-dimensional with thickness) 

f 2 = : 

C m ’ (Two-dimensional flat plate) 

( Two- dimens i onal with thickness) 
^(Two-dimensional flat plate) 


(Two-dimensional with thickness) 
Cjj( Two- dimen si onal flat plate) 


( 1 ) 


( 2 ) 

( 3 ) 


(The coefficients in equations (l) and (2) are for deflected controls, 
and the coefficients in equation (3) are those resulting from wing angle- 
of-attack loading.) Corrected values of C T *, C 7 * , 

l 8 6 

Cj^ are obtained by multiplying the results obtained by use of the 

linearized theory for three-dimensional flat plates by the appropriate 
factors. 

The factors are determined, as described in appendix B, by using 
the Busemann second-order approximation to determine the cdefficients 
for sections having thickness. This approximation gives results which 
are generally in good agreement with results obtained by use of the more 
involved exact theories. The theory is not considered accurate, however, 
at Mach numbers for which the shocks become detached or at Mach numbers 
below about 1.3 (reference 9)* For the general group of airfoil sections 
that are symmetrical about the chord plane, equations for the correction 
factors as derived in appendix B are: 
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' CHARTS 
Presentation 


Aside from the restrictions regarding location, the characteristics 
of deflected control surfaces are functions only of control plan form 
and Mach number. The effects of plan form and Mach number are deter- 
mined from solutions to equations (tables I to. Ill) involving the vari- 


ables 


tan A- 

F 


HL 


tan 


^TE 


" ( F 


and fFor untapered controls the varia- 


bles are 
and 0C h5 


tan Ajt T \ 

- -■= = and PA.p.) Figure 4 presents PCt ’ , PC 2 ' , PC_ ' , 

P J & o o 

as functions of these variables for controls located at the 


wing tip. Each chart of figure 4 presents the characteristics of a 
series of plan forms having a fixed hinge-line sweep angle (if the Mach 
number is considered to be fixed) and varying trailing-edge sweep angles 
and taper ratios. The solid-line curves present the effects of varying 
taper ratio for plan forms having fixed hinge line and trailing-edge 
sweep angles. The characteristics of controls having constant aspect 
ratios are indicated in the charts for 3C h by dashed lines. Constant- 


aspect-ratio curves are not included in the charts for the other . charac- 
teristics because, in many cases, they would be quite confusing. If 
desired, such curves can be drawn by simply determining the taper ratio 
at which the curve will intersect each of the curves' of constant d from 
the following relation: 


Xj = 


2 - A f * (a - d) 
2 + A f ' (a - d) 
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For Inversely tapered controls, the parameter l/lf is used as a coor- 
dinate to avoid elongation of the curves. Calculations were made at 

values of and ^ = 0, 0.20, 0.1+0, 0 . 60 , 0 . 80 , and 0.95 and at 

values of A^' = 0.8, 2.0, 4.0, 6.0, 8.0, and 10.0 for untapered controls. 

Calculated results not included in the charts are presented in table VIII. 
The results not included in the charts are mainly for configurations 

tan Amjj . i 

having values of ■— — ^ near jl.Oj and, consequently, having extremely 

large areas of induced loading on the wing. Results for such configura- 
tions are of little practical value because if these large areas are to 
lie entirely on the wing, as has been assumed, the wing must have a very 
large span or the control must have a very small chord. 

Charts presenting the characteristics of deflected controls located 
inboard from the wing tip are presented in figures 5 and 6. These charts 
vary somewhat from those for controls located at the wing tip. Equations 
for an< ^ ^mg* were simplified and found to be dependent only on 

tan A_ tan A 

— — and — . These equations, with results in chart form, are 

3 3 

presented in figure 5. Charts for pCg^ and PC^’ (fig. 6) are pre- 
sented only for normal taper ratios because the characteristics of 
inversely tapered controls can be obtained by entering the charts at ■ 

-tan AgL -tan A^g . 

— — - , —> and 1/X.p. 

The computing form for C^ is presented in table IX and is self- 

explanatory. Supplementary charts for determining the loading distribu- 
tion (P* and t C p) for the various triangular segments of the conical- 

flow regions are presented in figures 7 to 10. It should be pointed out 
that figures 8 and 10 can easily be used for determining the spanwise and 
chordwise loading of the wings considered in this paper and will there- 
fore be of value in making loads analyses. 


Use 


In order to use the charts for determining the characteristics of 

tan Ajj-j. tan A^ 

deflected controls, values of — , — , and l*. for the con- 

7 3 p 1 

figuration being considered must be determined. 


These values are then 
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used for entry into the charts, figures 4 or 5 and- 6, depending on control 
location. The coefficients obtained from the charts have been made non- 
dimensional by use of control geometric parameters. For determining the 
coefficients based on the usual wing parameters, the following equations 
are given (approximate thickness correction factors are included but can 
be neglected by letting the factors equal 1.0): 



(7) 

(8) 



( C h 6 )c = F 2% < 10 > 

(The subscript c indicates that the approximate thickness correction 
factors have been included. ) 

For determining the control hihge moment due to wing angle of attack, 
preliminary calculations are first made on the computing form of table IX. 
Results of these computations indicate positions in the charts (figs. 7 
to 10) from which P* and t C p are to be obtained. Values from the 

charts are then inserted in table IX and the operations indicated in the 
confuting form are completed. The approximate thickness correction factor 
can be applied by use of the following equation: 



( 11 ) 


Illustrative Example 

As an example of the use of the charts, the control-surface charac- 
teristics are determined for the configuration shown in figure 11. The 
wing is assumed to have 5-percent-thick symmetrical parabolic sections 
in planes normal to the control hinge line. 
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Lift and pitching-moment coefficients are obtained by entering the 


charts of figure 5 a t values of 


tan 


0 . 


3 


40 and 


tan 


-31 = 0.35. 


Hinge-moment and rolling-moment coefficients are obtained by entering 


the charts of figure 6 (g) at values of 


tan 


, o. 


35 and = O. 713 . 


Coefficients obtained from the charts are pC T * = 0.0748, 0 C_ • = -0.0365 

ljg 7 Hlg 

PC^* = 0.0372, and PCj^ = -0.0345. The calculation of for the 


example is presented in table IX. Preliminary calculations are made in 
table IX(a) and in column (l) of table IX(b). Values of n and r* 
calculated in colum n (l) are used to enter the charts (figs. 7 to 10 ). 
Values of P* and t C p obtained from the charts are inserted in 

columns (2) and ( 3 ) of table IX(b) and the computations are completed. 

The theoretical value of C>. is -0.0194. 

“a 


The equation for the section contour in a plane normal to the control 
hinge axis is 



( 12 ) 


The slope in this plane at any point along the airfoil is 




(13) 


Substitution of equation ( 13 ) in equations (4) and (5) yields the following 
equations for F^' and Fp: 


Ft = 1 - 


4 Ssm ik 

C 1 'C/max c 


(14) 


4 c 2 /t 


F 2 = 1 - § cf ^ 


max 


1 + 2 



(15) 
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For determining F^, the equation for the section contour in a plane- 
normal to the wing leading edge is written as 


m - 


2| 

(D 

1 

max 

(I) 

t 

I - I 

r x V 2 ’ 

^ C / 

cos (A 

- a hl) 

1 

+ K (f)’ _ 


(16) 


where 


K = tan (a - AfljJtanOv - Ate ) 


The slope of the airfoil contour in this plane is 


df-i-V 2 (i) 

\ 2 c/ _ Vc/max 

1 - 2 (f)' - Hi f 

d(§)' cos(A - A^) 

V. ^ 


or in terms of x/c 

d (sr)' KSL, r 

d(|)' cos (A — Ajl) |_ 



(17a) 


(17b) 


Substitution of equation (17b) in equation ( 6 ) yields the following 
equation for F^: 



' * 2 ( 1 ) 

max 

2/1 + 2 ^ 

- K 

(i - 

3Ci(l + K)cos(A - Ahl) 

_v <=> 



(18) 


From equations (l4), (15), and (l 8 ) , the following correction factors 
are obtained for the sample configuration: = 0.8077, F 2 = 0. 78855 

and F^ = 0.7355* It is of interest to note that these values indicate 

appreciable losses in loading due to airfoil-section thickness, and it 
might be pointed out that greater losses would be obtained for thicker 
airfoil sections. 
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The coefficients obtained from the charts and the preceding correc- 
tion factors are then substituted in equations (4) to (8). The results 
obtained are: 

(%)c ' °- 00k11 . 

( C m 6 )c - - 0 - 00318 

( c z ^ = 0.000619 



-0.0182- 


Langley Aeronautical Laboratory 

National Advisory Committee for Aeronautics 

Langley Air Force Base, Va., September 8, 1950 
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APPENDIX A 

METHOD OF INTEGRATING PRESSURES OVER CONICAL 
REGIONS OF DEFLECTED CONTROLS 


The pressure distributions in the conical-flow regions shown in 
figure 12 are given in reference 2. With suitable changes in notation 
these are: 

For region I, 

p ' - i “s' 1 <A1) 

For region III, 


P* 


1 co8 -l 1 * a)t 

n 1 + at 


(A2) 


Because the flow is conical in regions I and III, integrations of 
the pressures along the trailing edge within these regions are representa 
tive of integrations over corresponding triangular segments having the 
Mach cone origin as apexes. For such integrations, a coordinate for 
distance along the trailing edge must be introduced. The nondimens ional 
coordinate chosen was t* = 0 tan t 1 (fig. 12 and reference 2). The 
integrations required for determining average pressure ratio and center- 
of-pressure ray location for any segment are 


and 





t f P f dt* 



(A3) 


(A4) 
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(Subscripts 1 and 2 indicate values of t* corresponding to the end 
points of the part of t* over which integrations were made.) 

A Mach number of /2 was assumed for convenience (3 =1) in making 
the integrations of equations (A3) and (A^). This assumption is valid 
because any case of Mach number greater than 1 can readily be reduced 
to an equivalent case at M = /2 by an affine transformation corre- 
sponding to the Prandtl-Glauert transformation for the subsonic case 
(reference 5). An example of this transformation is shown in figure 13. 
The equivalent plan form is obtained by dividing all streamwise dimensions 
by 3 and leaving lateral dimensions unchanged; consequently, values 
of a, d, and t (for equivalent points) are the same. From equa- 
tions (Al) and (A2), it can readily be seen that values of P* .for 
equivalent points are the same. It follows that summation of P* over 
equivalent regions results in equal valued of P and t C p. It is 
apparent from figure 13 , however, that values of t C p' are different. 

This difference is of no consequence because values of t C p for the 
equivalent wing (obtained from t C p* and geometric relations) are the 
same as values of t C p for the' initial wing. 

The procedures followed in the integrations of equations (A3) and 
(Ak) are the same for regions I and III and are only shown for region I. 

If the Mach number is assumed to equal {2, where 3 = 1, equation (Al) 
may be written in terms of t* as follows: 


P . = 1 coa -l (a + d) - (1 - ad~) t 1 
n (1 + ad) - (a - d)t» 

If y is substituted for cos TtP f , equations (A3) and (a 4) become 


cos“ly 


P = 


-(1 - a 2 )(l + d 2 ) r y 2 

"*1 [(1 - ad) - (a - d)£] 2 


dy 


■(1 - a 2 )(l + d 2 ) J 


(A5) 


dy 


y l [U - ad) - (a - d)0‘ 
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-(1 - a 2 )(l + d.2) jy 2 (a + d) - (l + ad)y 


- 1 , 


t 1 = 

cp 


yi [(l - ad) - (a - d)y 


-3 cos y dy 


-(1 - a2)(l + d2) J y 2 


cos“^y 


(A6) 


yi {O- - ad) - (a - d)yj‘ 


<3y 


Integration by parts was then employed in the solutions of equa- 
tions (A5) and (A6) . 

For cases in which the coni cal- flow region overlaps the opposite 
parting line, the average pressure loss and center-of-pressure ray 
location are required for regions I a and 1^ (fig. 1). Equations (A3) 
and ( Ak ) may be used in obtaining the solutions for region I a by a 
slight modification requiring.no additional integration. Thus, 



In obtaining the solutions for region I^ (fig. l), essentially the 

same procedure as previously outlined was used. The parameter r = — 

t 

was used to Represent distance along the parting line nondimensionally. 
Values of. P and r C p were obtained by making integrations similar 

to those in equations (A7) and (A8) (before simplifications). 

Results of integrations over all regions shown in figure 1 are pre- 
sented in tables 11(a) and 11(b). Results of evaluating these equations 
at taper ratios of 1.0, where they become indeterminate, are presented 
in table Ill(a). 
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APPENDIX B 

METHOD FOR DETERMINING THICKNESS CORRECTION FACTORS 


The pressure coefficient at any point on a two-dimensional surface 
as given by the Busemann second-order approximation (reference 8 , with 
suitable changes in notation) is 


Cp — C^(8 + 0) + Cg(8 + 0)^ 


(Bl) 


(The angle 8 is considered positive when calculating C p for lower 
surface and negative when calculating C p for upper surface. Through- 
out appendix B, 8 is considered to he in radians.) The constants C 1 
and C 2 are functions only of Mach number. Equations for these constants 
and tabulated values are presented in reference 10. 

The lifting pressure coefficient at any chordwise position is singly 
the difference between the pressure coefficients on the lower and upper 
surfaces. The net lift coefficient is obtained by integrating the local 

lifting pressure coefficients between the hinge line and the 

trailing edge = l.o). (See fig. 14. ) Thus, 

Cl thickness (8) " i _ ^ ^/c E° P ^ L " & ° ^ 

(The subscripts L and U denote lower and upper surfaces. ) Similarly, 
the hinge-moment coefficient is obtained by integrating the products of 
local lifting pressure coefficient and moment arm between the hinge line 
and the trailing edge. Thus, 


c h 

thickness (8) 



(B3) 
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An-application of sweepback theory, as explained in reference 9, 
must he used for determining . It is important to note that, 

. J TJ 

for deflected controls, this theory requires the use of the Mach number 
component and the airfoil section in a plane normal to the control hinge 
axis. Values of C^' and thus obtained are based on the dynamic- 

pressure component normal to the hinge line and the deflection angle 
measured in a plane normal to the hinge line. Values of C^ 1 and 

for a two-dimensional flat-plate control, based on the same q and &, 
are obtained by considering the Mach number normal to the hinge line in 
determining values of C^. Equations for these coefficients are 


C L « = 2C ± b 

flat plate 




x flat plate 


= -C x 8 


(B5) 


The following correction factors are then determined by dividing 
equations (B2) and (B3) by equations (b 4) and (B5), respectively: 




d ^ 


(b6) 


F 2 = 


i) 2 4/= ^ ^ E Cp)t ■ ( Cp) l 


(BT) 


If the sections are assumed to be symmetrical about the chord pl an e, 
equations (B7) and (B8) can be simplified because 


( C p)l - ( C p)u = 2& [ C 1 + ^2 

Equations (B6) and (l>7) then become 


d — \ 
2c 

d i 
c 


(B8) 




p d 

1 + 2 d - 

c ld^ c 


(B9) 
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(BIO) 


The equation for F^ may he written as equation (B7) for Fg 
'(substituting a for 5) 


F 3 


°i a ( 1 - v 


t/c (f ' ' (4 * (B11) 


In this case, however, the airfoil section and Mach number component in 
a plane normal to the wing leading edge must be used in determining 
values of C ± and (C p ) L - (c^. 


For symmetrical sections, the equation for F^ may be simplified 
in the same manner as the equivalent equation for F 2 . Thus, 


F 0 = 


£ - # 


r 1 - 0 (x . \) 
cl 


1 + 2 


fe) 


C 2 3 ' 


(B12) 


Equation (B12) will in some cases become somewhat involved because 

must be determined from the equation for the airfoil section in 


d(x/c)' 

a plane normal to the wing leading edge and must then be written in 
terms of x/c (unless the surfaces are plane). It should be pointed out 
that suitable approximations for most symmetrical biconvex airfoils 
(which in general require involved expressions for defining the contour) 
may be obtained by assuming the sections to have parabolic contours. 
General equations for the thickness correction factors for symmetrical 
sections having parabolic contours have been derived in the illustrative 
example of the present paper. 
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TABLE I.- GENERAL EQUATIONS USED FOR DETERMINING CHARACTERISTICS OF DEFLECTED CONTROLS 

[Subscripts I, I a , I b , I c , II, II a , II b , II C , III, III a , and III b refer 
to regions defined in fig. l] 


(a) Configuration Having Control Located Inboard from the Wing Tip. 


r 

Parameter 

Formula 

V 

*p 

8 

oho + L s 

[Sf \ S 


V s f/n 

' 

r * 

_2C Po 
6 , 

F° + 

L 

V 

l + ( P ^)n 

-1 


fsr 

6 b 

f^f V 

pSL N 

b f s fy 


¥f/] 


Si 

• 

O 

Pi ^ 

« 10 

1 

5b- + /p5iS\ + (r^ 
V ^Vlc V 


pS\* 
. 2^/ 

+ 

h 

(p^ 

V a Vi 

,i c + ( p so n a ■ ( p y;. 



(b) Configuration Having Control Located at the Wing Tip. 


Parameter 

Formula 

S’ 

2C 
. "1 


R- 

- 

la 

c-©* 

+ (p?L\ 

I b \ 3 tJin 


r 1 

ifS 

6 

=a- + fp + ’(5 

*» UH 

pS\* 

2*V 

./( 

pSY 

2*V 

+ 6 
ib \ 

>%A 

*a/rn 
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S' . 

B 
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-^Po 
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WpSN + /p^ 
2*a \ 2»a/l c V 2^/ 

la 

(p ^2 
V 2«a 

)V 

(pS2 

\ »a 

L* 


- f p -T 

m a \ nit 
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TABLE II.- COMPONENT PARTS OF EQUATIONS USED IN CALCULATING CHARACTERISTICS 
OF DEFLECTED CONTROLS HAVING TAPERED PLAN FORMS 
(a) Average Pressure Ratio 

[Values of P for regions II, II a , 11^, and II C are obtained by substituting -a, -d, and l/\f 
for a, d, and in equations for regions I, I a , 1^, and I c , respectively. In cases where 

plus and minus signs are together (±), the upper sign must Bemused when values of a and d 
substituted are such that a - d is negative and the lover sign must be used when values of 
a and d substituted are such that a - d is positive H 


Region 

(fig. 1) 


Average pressure ratio 


(1 - a 2 )(l - d2) - (1 - a)(l + d) 


2(a - d) 


a 2 ) - \f(l - ad) 


Ml - d) - (1 - a) 


(a - d)cos 


a 2 ) - \ f (l - ad) 


(1 + d) - Ml + a ) 


2 + a + d) - 2X f (l 


Xftfl + a) (l + d) „i|2(l + d) - \f(2 + a + d) 


X f (l + a) - (1 + d) 


2 + a + d) - 2X f (l + a) 

a - d) ' ^ 


nr .l + a)(l - X. f )[x f (l + a) - (1 + df] 
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TABLE II.- COMPONENT PARTS OF EQUATIONS USED IN CALCULATING CHARACTERISTICS 
OF DEFLECTED CONTROLS HAVING TAPERED PLAN FORMS - Continued 
(b) Center- of- Pres sure Ray Location. 

lues of t^' (or r^) for regions II, II a , II b , and II C are obtained by substituting -a, -d, 
and l/Af for a, d, and X f in equations for regions I, I a , It,, and I c , respectively. In 
cases where plus and minus signs are together (±), the upper sign must be used when values of 
a and d substituted are such that a - d is negative and the lower sign must be used when 
values of a and d substituted are such that a - d Is positive 

] Center-of-pressure ray location (t * or r— ) 


+ 3ad - 3d 2 - ad*) - - “ 2 Hl - d 2 > - 2dU - a)2]| 


*(a - d)(l + d)[x f (l - d) - (1 - a)J 


♦ ad) - X f 2 (l ♦ - |(1 - a2) - Xf(1 - ad) 


1 ^H!(l + 3ad - 3d 2 - ad3)coa _1 |^ 


(1 - ad) - X f {l - d 2 ; 


a 2 ) |2Xf(l - ad) - X f 2 (l - d 2 ) - (l - a 2 )J 


[Ml - d) - (1 - a)J 


(1 - a 2 ) - X f (l - ad) 


a(l - 


(a - Xfd) ± /2Xf(l - ad) - Xf^l - d 2 ) - (l 


2P(l + d) (a - d)‘ 




3ad - 3d* - ad^)(l - ± cos'-'-d) + — 


LnilFl - a 2 )(l - d 2 ) - 2d(l - a) 2 1 
1 - d L -* 


(1 - d 2 )(l + 2ad - d 2 ) 


i J i/(l + a) (l + d) 172 - a + d)(l - d 2 ) + 2ad(l + d) + 2d(l + a)l - 

lfP(l + d)(a - d) 2 L 

2 [l - a 2 )(l - d 2 ) + 2d(l + a)^ 

_i * ad) - (1 ♦ d^eo a - f a 7" d >-^ (1 ^ 

<.P*<a - d)[x f (l + a) - (1 + d)] \ ” X f L J L a -4 

2 ^ * d ^ j^(l + a)[x f (2 + a + d) - X f 2 (l + a) - (1 + djj - 

- a + d)(X - d 2 ) + 2ad(l + d) + 2d(l ♦ «j) co»-l p (1 * d) * 8 * ^ 


j 3(a - d) [2a X f - (a + d)] ^ [?2 + a + d) - 2X f (l ■ 

| * ° S [ a - d 

f {l + a)[I f (2 +. a + d) - X f 2 (l + a) - (l + df]l 
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TABLE II.- COMPOHEffT PARTS OF EQUATIONS USED IN CALCULATING CHARACTERISTICS 
OF DEFLECTED CONTROLS HAVING TAPERED PLAN' FORMS - Concluded 
(c) Geometric Parameters, 


Pb f 2 (a - d)(l + X f )‘ 
2(1 - X f ) 

&2b f 3(a - d) 2 (l - X f 3) 

3(1 - X f )^L + p 2 a 2 


Region Sr/S f 

(fig. 1) ™ f 


2(a - d) 

(1 - X f 2)(l - d 2 ) 


S L 2(a - d)(t cp « - d) 
Sf 3(1- A f )(! + d 2 ) 


Sl 1 " * f 8 [(l + ad) - (a 

l - x f 3 _ l + d 


X f (l - d) - (1 - a) 
(1 - X f 2 )(l - d) 


Sl 2(a - d)(t cp » - d) 
** 3(1 , x f )(l 7d 2 T" 


8l 1 - X f 2 (1 + ad) - (a - d)t 
3 t 1 - X 3 1 + d 2 


X f (l - d) - (1 - a) 
(1 + Xf) (a - d) 


Sl 1 - Xf£ (1 ~ X f )(r cp ~ a) 
S f 1 - X 3L ^ " 


2X f 2 (a - d) 

(1 - Xj^Kl - d 2 ) 


(a - d)[jl + ad) — (a - d)tg 
(1 - Xf3)(i - d)(l + d 2 ) 



2X f (a - d)(t cp f + d) S L ^ 1 - X f 2 ^ + a*) +. (' 

Sf [_ 3(1 - x f )(l + d 2 ) ^ f i-x f 3|_ 1 + < 


x f 2 [x f (l + a) - (1 + dj] [(1 + ad) + ( 
(1 - X f 3)(i + d)(l + d 2 ) 

(1 - X f ) 2 [x f (l + a) - (1 + dj](r c 
(1 - Xf3)(a - d) 2 


X f 3 (a - d) jTl + ad) + (a - d)t 

(1 - X f 3)(l + d)(l + d 2 ) 


(l-X f 2 )(l+d) 3(1 - Xf)( 


SlT 2X f (a - d)(t 


V151 

1 + d 2 ) J 


X f 3 (a - d) jTl + ad) + (a - d)t 
(1 - X f 3)(l + d)(l + d 2 ) 


X f 2 [I f (l + a) - (1 + d)] [[l + ad) + ( 
(1 - X f 3 )(l + d)(l + d 2 ) 

(1 - X f ) 2 [x f (l + a) - (1 + dfj( r< 
(1 - X f 3)(a - d) 2 


(1 + a) (l - X f ) - 


Two- ; 
dimensional 


|Tl + d) - X f (l + aj]‘ 
(1 - X f ) 2 (l 4 d) 2 
3(a - d)(l + Xf) 




2(1 - Xf 3 ) 





































TABLE IV.- EXAMPLE OF NUMERICAL INTEGRATION OF PRESSURES ALONG AN INCLINED 





























































IRATION OF PRESSURES ALONG A S' 
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TABLE V.- EXAMPLE OF NUMERICAL INTEGRATION OF PRESSURES ALONG A ST 









































































































. + 3 ad - 3 d 2 - ad3)(l . I coe-ld) ♦ < a - d)(l ♦ d 2 )^ £ . 


:p 2P(i + a) (a -a ) 2 |yi - a 2 * 

1 i-lfci - a 2 )(l - d 2 ) - 2d(l - a) 2 ] + (I ~ d2)(l * 2ad - - d2) coa- l a^ 

i — 1 J |/(l + a) (l 7T) 1(2 - a + d)(l - d 2 ) + 2ad(l + d) + 2d(l + a)1 - 

4P(l + d) (a - d) 2 V 

2 [(1- a 2 ) (l - d 2 ) + 2d(l + a)^]^ 

= 1 J 2( V" d) [gXf(l + ad) - (1 + d^. f + B + d ; ^ 

4P*(a - d)[x f (l + a) - (1 f d)] \ J . L 

^{1 + a) [x f (2 + a + d) - X f 2 (l + a) - (l + d)] - 

i£ ^Zlld - a + d)(l - d 2 ) ♦ 2ad(l ♦ d) + add ♦ .jj cob- 1 p 1 i £> 7 Mil 


r * = 1 J3(a - d)[2aX f - (a + d)] _ x [(2 + a + d) - 2X f (l + a 

** 6P*(l - X f )[x f (l + a) - (1 + d)] 

2 & f S X , - 2&) - (2 - > - dj] ^ + a)[\ f (2 + a + d) - X f 2 (l + a) - (l + dj] 
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TABLE II.- COMPONENT PARTS OF EQUATIONS USED IN CALCULATING CHARACTERISTICS 
OF DEFU5CTED CONTROLS HAVING TAPERED PLAN FORMS - Concluded 
(c) Geometric Parameters, 


0b f 2 (a - d)(l + X f ) 

2(1 - Xf) 

p2b f 3( a - d) 2 (l - Xf3) 

3(1 - Xf) 3 / 1 + P 2 a 2 


Region 
(fig- 1) 

SL/Sf 

V/Vr 

SLi^ 

\ 

I ' 

2(a - d) 

S L 2(a - d) (t C p* - d) 



(1 - X f 2 )(l - d 2 ) 

Sf 3(1 - X,)(l ♦ d 2 ) 


la 

X f (l - d) - (1 - a) 

^ 2(a - d)(t cp ’ - d) 



(r- x f 2 )<i - d) 

S f 3(1 =* Xf) (l + d 2 ) 


!b ‘ 

Xf (1 - d) - (1 - a) 

2 

3 S f 

&L 1 - Xf 2 !^ 1 “ x f^ r cp “ a >] 

(1 + Xf )(a - d) 

S f 1 - Xf 3 L a “ d J 




(a - d)|jl + ad) - (a - d)t cp j] 



(1 - Xf3)(l - d)(l + d 2 ) 

II 

2X f 2 (a - d) 

SIP 2X f (a - d)(t cp * + d) 



(i - Xf 2 ) (l - d 2 ) 

Sf [_ 3d - if)(i + a 2 ) _ 


IT a 






(1 - x f 3)(l x d)(l * d 2 ) 

ir b 
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(1 - Xf3)(a - d) 2 

ix c ! 



X f 3(a - d)[Tl + ad) + (a - djt^ 



(1 - X f 3)(l + d)(l + d 2 ) 

in 
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sX 2X f (a - d)(t cp » + d) 
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(1 - X f 2 )(l + d) 

S f[. 3(1 - Xf)(l - d 2 > _ 

(1 - X f 3)(l x d)(l ♦ d 2 ) 
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Two- 

dimensional 
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1(1 - d) - X f (l x a)l 3 ] 

\ ... 
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TABLE V. - EXAMPLE OF NUMERICAL INTEGRATION OF PRESSURES AIDNG A ST 
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TABLE VIII.- CONTROL- SURFACE CHARACTERISTICS NOT 
INCLUDED IN FIGURES 


(a) Tapered Controls. 
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Inboard 
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TABLE VIII.- CONTROL-SURFACE CHARACTERISTICS NOT 


INCLUDED IN FIGURES - Concluded 


(b) Untapered Controls. 


Wing-tip 

controls 


Inboard 

controls 


Wing-tip 

controls 



ax 

pc v 
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Inboard Mach cone, configurations (a) and (b) 



Outboard Mach cone, configuration (b) 


Figure 1.- Conical-flow regions for which solutions were obtained in the 
calculation of deflected control characteristics. 
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Figure h.- Characteristics of deflected trailing-edge controls located at 

1 - a 

the wing tip. Results for values of If* = - — . have heen obtained 

1 - d 

by use of an approximation and should be used with caution. 
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Figure 4.- Continued 
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(b) Concluded. 


Figure 4 .- Continued 
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Figure 4 .- Continued 
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(c) Concluded. 
Figure 4.- Continued 
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(d) 


tan Ai 


■HL 


= -o.4o. 


Figure 4.- Continued. 
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(d) Concluded. 
Figure 4 .- Continued 
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Figure 4.- Continued 
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(e) Concluded. 
Figure 4.- Continued 
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Figure k.~ Continued 
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(f) Concluded. 
Figure 4 .- Continued 
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Figure 4 .- Continued 
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(g) Concluded. 
Figure 4.- Continued 
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Figure 4 .- Continued 
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(h) Concluded. 
Figure 4 .- Continued 
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(i) 


ta.n Ajjl 
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o.6o. 


Figure k.- Continued. 
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(i) Concluded. 
Figure 4 .- Continued 
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Figure 4.- Continued 
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( j ) Concluded . 
Figure 4.- Continued 
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00 


tan A- 
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Figure 4 .- Continued. 
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(k) Concluded. 
Figure 4.- Concluded 
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(a) Lift coefficient. 

Figure 5.- Lift and pitching-moment parameters for deflected trailing-edge 
flaps located inboard from wing tip. 
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(b) Pitching-moment coefficient. 
Figure 5.- Concluded. 
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(*) 


tan Ajjl 
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-0.60. 


Figure 6.- Hinge-moment and rolling -moment parameters for control surfaces 

located inboard from wing tip. 
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Figure 6.- Continued 
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(f) 


tan Ahl 
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0 . 20 . 


Figure 6.- Continued 
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(g) 0.1*0 . 
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Figure 6.- Continued 
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Figure 6.- Concluded 
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(a) 


tan A 

T” 


0 . 10 . 


Figure 7>- loading distribution along inclined sections intersecting the 

wing-root Mach cone. 
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Figure 7 *- Continued 
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Figure 7>- Continued. 



74 


NACA TN 2221 



Figure 7.- Continued 
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(e) 
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0 . 50 . 


Figure 7.- Continued 
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(f) ^LA =0 .6 o. 
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Figure 7 -- Continued 
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Figure 7.- Continued 
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(h) 


tan A 

~P~ 
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Figure 7.- Continued 


NACA TN 2221 


79 



Figure 7-- Continued. 
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Figure 7 -- Concluded 
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(a) r' = 0 to 1.0. 

Figure 8.- Loading distribution along streauiwise sections intersecting 

wing-root Mach cone. 
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0>) r* = 1.0 to 10.0. 


Figure 8.- Concluded 
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Figure 9 >- Loading distribution along inclined sections intersecting wing- 

tip Mach cone. 
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Figure 9*- Continued 
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Figure 9-- Continued 
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Figure 9 *- Concluded 




NACA TN 2221 


87 



(a) r' = 0 to 1.0. 


Figure 10.- Loading distribution along streamwise sections intersecting 

wing-tip Mach cone. 
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(b) r' = 1.0 to 10.0. 


Figure 10.- Concluded 
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Figure 11.- Configuration used in sample calculation 


•( 


tan A 


= 0.5995, 


tan Ajjl tan 

— p « 0.3990, — = 0.3489, S = 23.250, c = 3-984, % = 0.713, 

Sf = 2.366, 2Ma = 1.490^ 




Figure 13.- Example transformation from one plan-form Mach number configu 
ration to an equivalent plan form at a Mach number of /2. 






